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1 Recap

1.1 Left-Right Cayley Complex

To build a Quantum Tanner Code, we start with a group of checks G' that we want to pass;
consider sets of generators A, B of this group, such that |A| = |B| = A. We can build a left-
right Cayley Complex X, as a graph consisting of Voo U Vo U Vip U Viy, where Vi; = G x {ij},
and each (g,47) is connected to each (ag, (i + 1)j) and (gb,i(j + 1)) by edges identified by
a € A,b € B (in our case, each a = a™! so the graph is undirected).

A square is identified by {(g, 00), (ag, 10), (gb,01), (agb, 11)}; we can identify the set of all
squares by () and for any vertex v, can identify Q(v) as the squares incident to v. Each
square incident to a vertex is identified by all a € A and b € B that can define the edges to
the square at that vertex, forming a A x A matrix. We can note that (g,00) and (ag, 10)
share an edge, so share a set of squares that contain this edge, defined by a row in (g, 00)
and Q(ag, 10). Likewise, Q(g,00) and Q(gb,01) share a column corresponding to the squares
containing the edge shared by these vertices; Q(g,00) and Q(agb,11) share a single entry
corresponding to the square defined by a, b.
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1.2 Defining a CSS Code

First, we establish C'y and Cp, linear error correcting codes on A and B respectively (that
is, spaces of strings orthogonal to the checks in A and B). For our CSS code, we instantiate
physical bits as each element in the set of squares ), of which there are A% squares at each
of |G| vertices in some V;;. Each string in the code is a sum of strings defined by a vertex
in some V;;, so we can zoom into a particular v, where the string is zero everywhere except
on the indices corresponding to the squares defining Q)(v), where its values can be taken to
form a matrix.

We can define an X-code Code, as the space of strings such that for each v € Vo U Vi, the
strings on Q(v) pass the space of checks in Cy ® Cg. Elements of (C'4 ® C)* have zero dot
product with C'y ® Cg, so can be decomposed into a component where the columns of Q(v)
pass checks in C'4 and a component where the rows of Q(v) pass checks in Cg, Hence, the
local code across each v € Vyo U Vi; requires that each Q(v) = ¢+ r for ¢ € C4 @ FF and
r € F{ ® C%, which we write as Q(v) € Cx @ F¥ +F4 ® C%. We can then define the Z-code
Code; as the space of strings such that for each v € Vi1 U Vjg, the strings on Q(v) pass the
checks in % ® C%, so each matrix Q(v) € Cy @ FF + F4 @ Cp.

To show that this is a CSS code, we consider without loss of generality a u € V, and
v € Vo1, and an arbitrary hy € C4y ® Cg, hy € C’j ® C% on these respective vertices. There
are 2 cases: these vertices are not connected by any b € B, so Q(u) N Q(v) = (. This means
that the checks are nonzero on different substrings defined by Q(u) and Q(v), so hx -hz = 0.
If alternatively u, v are connected by an edge b € B, Q(u) N Q(v) is a set of all edges a € A
that each create a square with this shared edge b. This defines a column in each matrix
Q(u) and Q(v) where they agree; a product of parity checks on each vertex is therefore a
check on a column in @(u) times a check on a column in Q(v) (plus 0 corresponding to the
rest of the space, where they are not both nonzero). Because Q(u) € Codey, Q(v) € Codey,
hx -hz = (hy € C4) - (h, € C%) + 0 = 0. The orthogonality of these checks ensures that
Codey C (Code;)* = Code; and Code; C (Codeg)*t = Codey.



1.3 Parameters of CSS Code

We began with linear error correcting codes C'y and Cp; if we strategically choose “good”
codes, we can create a “good” CSS code. Each code acts on the generating edges in A, B, so
has A bits; C'4 encodes a number of logical bits linear in this number, an arbitrary pA, and
Cp is strategically chosen to have a number of logical bits equal to the number of independent
checks constraining Cy. Hence Cy = [A, pA],Cp = [A, (1 — p)A] (each has some distance
that will be discussed later).

For each vertex in Vpy U Vq;, the X-code is constrained by checks on Q(v) correspond-
ing to the (pA)((1 — p)A) parity checks in Cy ® Cp. Hence the dimension of X-constraints
is 2|G|p(1 — p)A?. Similarly, for each vertex in Vg U Vig, the Z-code is constrained by checks
on Q(v) corresponding to the ((1 — p)A)(pA) parity checks in C4 ® Cx.

For each of |G| vertices in a Vj;, there are A? combinations of a, b edges defining all possible
squares in the space. This space of bits is constrained by both of these sets of X-checks and
Z-checks, so the dimension of the CSS code is |G]A? — 4|G|p(1 — p)A? = n(1—2p)?, so linear
in the number of logical bits.

Importantly, each parity check is applied to < A? bits, and each bit, identified by a square,
is involved in < 4p(1 — p)A? checks: hence, the code is low-density.

2 Quantum Tanner Code Distance

2.1 Distance from Tanner Codes

Having established that C'y, C'p are “good” codes, we recognize that their code distance is
linear in their number of bits A, as are their orthogonal codes C,Cx. We can define the
minimum distance of these code spaces to be dA. A challenge remains to ensure that the
graphs instantiated by this code are not so expansionary that their distances are hard to
constrain from constraints on the terms in their products. This is a familiar problem from
our discussion of Tanner codes.

In fact, we can recognize that our X-code and Z-code are each Tanner codes, which are
applied to a graph and a base code, and require that the sub-strings corresponding to the
sets of edges at each vertex are in the base code. In particular, we can define G§' as the graph
with vertices in Vpg U V47 and edges corresponding to each square connecting such vertices.
Now, the X-code is defined on this graph, and requires that the substrings at each vertex
are in the code space C+ @ FZ + 5l @ C3, so is Tan(GY, O+ @ FZ + 5 @ C%). Likewise, the
Z-code is the Tanner code Tan(GYT,Cy @ FE + F2' @ Cp).



We note that the number of distinct edges at G’ correspond to the a edges that can be taken
from Vyy to Vig times the b edges that can be taken from Vjy to Viy, each in composition
defining a different edge of GY. This means that our constraint on the individual Cayley
graphs connecting Vj; to its neighbor will multiply.

We must consider the constraints we can impose on our Cayley graphs. For a graph
G = (V, E), its adjacency matrix has rows and columns consisting of vertices u,v in the
graph, and entries of 1 if v and v are connected by an edge. This real, symmetric matrix
has real eigenvalues in an orthonormal basis, which we order as \; > ... > \,. We can
define A = max{\z, |\,|}, and recognize that for an r-regular graph, where each vertex is
connected to r other vertices, \; is guaranteed to be around r, but a smaller A\ provides a
tighter constraint on how the graph expands. A graph is Ramanujan if A < 2y/r — 1; we
choose strategically to have Cayley graphs that are Ramanujan: specifically, that Cayr (G, A)
and Cayg(G, B) are such that A < 2v/A; now, G§ and G have A < (2vA)(2V/A) = 4A.

Finally, we examine a condition on the base codes C{ @ FZ +F2 @ C% and Cy @FF +F5 @ Cp
(which is fulfilled by all of our attempted example codes, so finding a counterexample
may yet prove challenging): the codes must be k-product expanding. Focusing on = €
Cx ® F8 + 5 @ Cp, we recognize that it decomposes as ¢ + r where ¢ has columns in Cy
and 7 has rows in Cp, |z| = |c+ 7| > KA(||c|| + ||r||), where |z| is the Hamming weight and
llel| (||r]]) consists of the number of nonzero columns (rows). This constrains the expansion
of columns in C'y and rows in Cp, so limits the Hamming weight of ¢, + r, in terms of the
number of nonzero rows and columns in ¢, and r,.

2.2 Minimal Representations

A string x € Code; \Codeé at a particular vertex v € Vg UVjg is some z, € Cy ®F§+F§‘®CB.
We call the minimal representation of its restriction to a vertex v to be its decomposition
T, = ¢, + 1, minimizing ||c,|| + ||7|]. These ¢,, 7, across all vertices in a particular Vj; define
the value of x on every set of edges going through every vertex in V;;, so serve as a basis by
which we can decompose an entire z € Code; \ Codey. Choosing this decomposition across
the vertices of V1, we get x = Cy + Ry where Cy = Zvevm ¢, and Ry = ZveVm r,. We can
also get an equivalent decomposition across vertices in Vig, = Cy+ Ry where Cp = > | Co
and Ry = ) Ty.

veVig
veVig

We note that strings c,,r, are weight < A? and that for v;,vs € Vi, no squares con-
tains both vertices, so their strings c,,, 7y, , Cv,, 7w, are non-overlapping. However, for v; € Vg
and vy € Vpy, there are some squares that share both vertices, so their strings c,,, 7., Cuy, 7o,
could overlap.

A representation of z is minimal if ||Co|| 4+ ||C4|| + || Rol| + || R1|| is minimized. We define the
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norm ||z|| to be ||Co||+ ||C1|| + || Ro|| + || R1|| for the minimal representation (Cy, Cy, Ry, R1).

This is a crucial piece of analysis: we must establish a relationship between the constraints on
Vig and Vjq, and yet the constraints on the former create decompositions of the form Cy+ R,
and the constraints on the latter create decompositions of the form C;7 + Rq. To relate them,
we create new strings Co+ Ry in a new “Frankenstein” code space Tan(GY, C4 @FZ +F5@C5)
consisting of the vertices from Codey and the connections from Code;.

First, we consider decompositions © = Cy + R; = C} + Ry, and recognize that because
we work in addition modulo 2, now Cy + Ry = C; + R;. We call this string xzo. Our goal is
to create (Cy, Cy, Ry, Ry) that will be minimal as a representation for z.

Suppose a decomposition is not minimal at some v € Vgo. Now (2¢), = (Co)p+ (Ro)v = Cp+ 7.
Replace these with ¢ + r!; because these must still add to zy, whatever term ¢, displaces
¢ from ¢, also displaces 7 from r, (again, note that t, = —t, in addition modulo 2). For
¢ and ¢, to both be € C4 @ FP, their difference ¢, must have columns in Cy; likewise
for v/ and 7, to both be € F4 ® Cp, their difference ¢, must have rows in Cz. Hence,
t, € Ca®Cp = (Cy @FF +F2 ® CE)*+ = Codeg. So, a new choice of representation of
xo corresponds to a shift of Cy to Cy + t, and Ry to Ry + t,. So, a new representation for
xo = (Co +t,) + (Ro + t,) creates a new x +t, = Cy + Ry +t, = C1 + Ro + t,, which differs
from the old one by an element of Code; .

This proves a Lemma: if x has the minimum norm in z + Codeg, then the minimum
representation of x corresponds to the decomposition of xy with minimal norm.

This will prove important: we can use the minimum-norm x € x + Codeé, and define
expansionary properties on x in terms of S;; = {v € Vj; : (C; + R;)|gw) # 0}, which makes
use of Cy + Ry and C + R; to describe expansion through Vi, and Vi;.

2.3 The Objective

We want to prove that the Z-distance is linear in the number of bits (and apply symmetrical
arguments that we do not examine for the X-distance). This condition is met if ||z]| > 2%
If this is true, we can prove the following theorem:

: %2
dy, = min |z| > 5
z€Code \Codeg 10246

To prove this, let x € Code; \ Codeé and (Cy, C1, Ry, Ry) be the minimial representation.

r=Co+ Ry = ch—i—rv

veVD1



2| = [Co+ Ra| = | > ey +7]
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Because the vertices in Vi are non-overlapping in their squares, | Y oy, cotro| = D0 cyp lcot
7y|. Furthermore, each |c, +7,| > KA(||cy|| + ||74]]); recall that a k-product expanding graph
constrains expansion of columns in C4 and rows in Cpg, so limits the Hamming weight of
¢, + 7 1n terms of the number of nonzero rows and columns in ¢, and r,.

o] = 3 fe+ o = Y kA(lle]| + [Irl) = £A([Col| + [ i)
veVH1 veEVD1L

Similarly:
|z = KA(||CL| + || Rol)

Combining these:

1, 8%kn

1 1
2] 2 RAZ([Coll + 1G] + [ Boll + | Rull) = sAZ (|I2]]) = A3 (5555)
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The rest of this lecture attempts to prove the goal that ||z|| > This is true for any x

if it is true for the minimum-norm = € x + Code .

3 Proving the Code Distance

3.1 Exceptional and Ordinary Vertices

Assume ||z|| < 55122’273. Now define Sj; = {v € Vj; : (C; + R;)|qw) # 0}, the set of vertices on

which the relevant matrix is nonzero.

We assume C; + R; to be the minimal representation (of either x or z(), which can only be
true because we have assumed that z has the minimum norm in « 4+ Codey’). Because of this,
each vertex on which C; + R; is nonzero contributes either a row or a column to C; or R;:

|Sii| < NGl + [ R]]
Adding whichever terms are missing:
5%kn
512A2
Now, we examine each v € S;;, and define it as either exceptional or ordinary. v is exceptional

if ||co|| + [|ro]| > @A for a = %, and v is ordinary if |[c,|| + [|r,|| > aA. Define Sf; to be

the set of exceptional vertices and S7; to be the set of ordinary vertices.

[Si] < {1Coll + [|CL] + [ Rol + [ Bl = []]] <



3.2 Weight of Ordinary Vertices

Assume v is ordinary. Any nonzero column in ¢, comes from C}y, so fulfills that code’s
distance and so has > dA 1s. Each 1 in this column that gets cancelled by an entry in a row
corresponds to a nonzero row in r,, so because v is ordinary this can only be the case for
< A rows. Hence ¢, has > 0A — aA 1s (in either z, or (zg),, whichever is relevant for this
Sij). a < 0, s0 ¢, has > %A 1’s.

We will create a bound on the number of exceptional vertices, allowing us to describe
our behavior mostly in terms of these ordinary vertices.

3.3 Number of Exceptional Vertices

Lemma: S|, [T < gzoaxz[Soo U Sul, [S51, [STol < szezxz[Sor U Siol-

— a2
We note that A, the number of generators used to define the original graph, so is a pa-
rameter under our control, which can allow us to scale |Sf;| to being arbitrarily small. This
is the condition that we use to create a contradiction.

The proof of this Lemma is an exercise on Homework 4. However, we present an intu-
itive sketch here.

Consider v € S§,. Q(v) appears in zp; because v is exceptional, zy restricted to Q(v)
has many nonzero rows and nonzero columns; these rows and columns appear in the minimal
representation of xy and provide a bound on Hamming weight because of the k-product
expansion. So there are many squares that have vertex v and appear in xg.

Considering u € S1; C Viy, so x1|Q(u) contains at least one 1.

Examining the squares at v defined by adjacent edges in x(, and connecting to an edge
adjacent to some u € Vi3, we find an adjacency relationship defined by GY, as seen previ-
ously. This is the graph with all vertices in Vo U V11 edges defining squares. This is an
expander graph: because we have defined it to be Ramanujan, < 4A, which means that each
1 € x9|gv) ends up connecting to many different u € Vi;; and we recall that there are many
such 1s in z(y. Qualitatively:

1S5l -7 < |S11] < [Soo U S11|

for a large v. This means that |S§,|, the number of exceptional vertices, is constrained; too
many of them would expand into a result too big in Si;. (The formal proof, an exercise, uses
the Expander Mixing Lemma for this step).



Assume [Sp; U Sip| > [Soo U S11] and [Sp1| > |Sip|: most nonzero neighborhoods are next to
vertices in Vj;. Now,

64 64
azzpz oV Bl = G g2l
So by controlling A, we can make |S§;| < any small constant -|Sp;|; the proportion of ordinary
vertices can be made to be > a for any a < 1.

|1So] <

3.4 Expansion into 5

Now, consider u € SQ;; now x, = ¢, +r,, and there is at least one nonzero column in ¢, or row
in r,. We can assume without loss of generality that at least half of ordinary vertices produce
a nonzero column (if not, it would be true for rows): hence the number of nonzero columns is
> %|*§81| > §]So1|. We call these “ordinary columns”, and know that their Hamming weight
is > SA.

We can define ' = {v € Sy : a nonzero column of ¢, is shared with an ordinary u € S, }.
Now, we show a Lemma: |T'| < %50, again replacing a proof using the Expander Mixing
Lemma (an exercise) with an intuitive picture.

Vor___t=(gbi00)

¥

For a v = (9,00) € T, z|g() = ©» = ¢y + 7, shares a column with some u € S§; (we recall
that Q(u = (gb,01)) shares some column with Q(v = (g,00))). Because this is an ordinary
column, with > gA ones, this column in ¢, also has > gA ones. This means that it must
have at least gA NONZETO TOWS.

Now, consider w = (ag,10) € Viy (recall that Q(w = (ag,10)) shares some row with
Qv = (g,00))). Now, z,, has a nonzero row, so is in Sy; the adjacency relation between
these vertices, given that they share a row, is defined by Cay (G, A), which is a Ramanujan
expander graph, ensuring that this expansion hits enough elements in Sy.

There are |T'| vertices; each contributes at least gA nonzero rows. In the expander graph,
these rows correspond to different edges to different vertices in Sy, up to a factor proportional



to 0; hence, the number of vertices in |Syg| is greater than this number, and we arrive at

ITISA < E[Sol.

3.5 Averaging Across T

Consider the average of ||c,||4||7y|| across all v € T = {v € Sy : a nonzero column of ¢, is shared with an ¢

7 e

veT

avg,er(llcoll + [rol]) =

We are summing over every v that shares a nonzero column with an ordinary vertex € Sg;;
hence this is lower bounded by the number of “ordinary columns,” which we assumed without
loss of generality to be > £|Sp:|. Using the lower bound on |T|:

MPA  a
wvs,erlel] + ) 2 oo (515

Noting that there are at least as many vertices in Sp; as in Sj, we note:

5 Aa
128

anveT(Hch + HTUH) >

Now, recall that v € S§, if ||c,|| + ||7|] > 522?%, so the average norm of a vertex in 7" is almost
twice the lower bound on what is needed for a vertex to be exceptional; hence, there must

be many exceptional vertices, which we will use to arrive at our long-awaited contradiction.

Where p is the fraction of exceptional vertices in T, the average norm across vertices in
T is upper bounded by the fraction that are exceptional (which have norm at most A, an
entire column) plus the fraction that are ordinary (which have norm at most & 92, So:

256
3 Aa SA
< < L&A
1298 — anveT(Hch + ||7"UH) < pA + (1 p) T
52A N
2a% < avgveT(Hch + ||7”v\|) < pA + ﬁ
A
20— 1) — < A
(2a=1)555 =»
So:
2
> (20 — 1
b= ( ¢ )256

which is a constant fraction, independent of A.



3.6 Finding a Contradiction

A constant fraction of T" are exceptional; if T is large enough, we get a number of exceptional
vertices that can break our previous bounds.

At any v € Vj, there are at least §|S1| ordinary columns. 7" consists of all the vertices
sharing an ordinary column; the smallest it could be would be defined by a small number of
vertices, all of whose columns are ordinary columns. Because each vertex has A columns, we
can take at most A ordinary columns that could be shared by a single vertex in T'. Hence,
the number of vertices in T is at least %|S1o|+, which is > 5% [S10 U Soi 3.

The set of exceptional vertices is at least the size of T' times the fraction p of T that is
exceptional (which we just lower bounded):

2

0
I >1T-p>(2a—1)—
|Soo|_| ’ P> (2a )256(

a

C
4A\S10 U Soi]) = K1|Soo U St

for some constant C;. But we have already established that |S§,| < %L%o USh| =
%|S()() U Sy1|; for any C1, Cy, [Spo U S11], we can choose some A large enough that it cannot
be true that:

Cl CQ
K\Soo US| < [Sgl < E\Soo U S|
So, it cannot have been true that ||z|| < 5{3222271. As shown, meeting this goal establishes

that our minimum-weight error in Code; \ CodeoL is linear in n; this establishes the Quantum
Tanner Code as our first-ever “good” quantum code.
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